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Parametric curves

Curves can be classified in number of ways:
Plane curves & Space curves
Example: Circle & Helix

Curves of known forms & Free-form curves

Example: Circle vs. Bezier Curve

Interpolation curves and Approximation curves

Example: Hermite Curve vs. Bezier Curve
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Parametric representation of line

Line in xy-plane
x=x1+(x2-x1)u ‘
y=yl+(y2-yhu P
0<u<10 ,/

Line in space

x=x1+(x2-x1)u
y=yl+(y2-yl)u
z=z1+(z2-z1)u

0<u<1.0

u=0
(x1,y1)

4
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Parametric representation of circle

Circle in xy-plane
x = x1+rcos (0)
y =y1+rsin (0)
0<e0<2m

Circle in xy-plane
x =x1+rcos (27u)
y=yl+rsin (2 Tu)

O<uc<i1

4
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Parametric representation of circle

Circular Arc

x =x1+rcos ()
y=y1+rsin (0)
0<0<n/2

Circular Arc

X =x1+rcos (n/2 u)
y =y1+rsin (1/2 u)
O<uc<t

Circular Helix

x=x1+rcos(2nru)

y=yl+rsin (2 u)

Conic sections

Represents a conic section curve  parametric representation of conics

Eli x? y? Ellipse
il az +b_z_ =0 x = acos(8); y = bsin(0) 0 < 6 <2m
Parabola

Parabola y%—4ax =0 x=au’; y=2au0<u<1

P Hyperbola
H bola * _ Y _,_
yperbola P 1=0 x =asec(f); y =btan(8) 0 < 6 < 21

~ <\

z=hu X
'. 0<u<1
16,2024 Dr:_Prashant K. Jain (IIITDM)) o]
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Implicit/Explicit Vs. Parametric

Implicit Representation Explicit Parametric
Representation Representation
X2+ y2=r2=0 y =(r2 —x)12 x = r cos (t)
y = rsin (t)

ax+by+cz+d=0 zZ=px+qy+r X =a+bu+cw
y=d+eu+fw

z=g+hu+iw

September 16, 2024

Parametric Representation

Parametric equations completely separate the role of dependent and
independent variables

What do these equations represent?

X = r cos (t)
y = rsin (t)
z=h
4
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Parametric Representation
Parametric equations completely separate the role of dependent and
independent variables
What do these equations represent?
X = r cos (t)
y = rsin (t)
z=h
r=5,0<ts<2m; h=20;
4
September 16, 2024 10)

D Prashant K. Jain (IITDMS)

Parametric Representation

Parametric equations completely separate the role of dependent and
independent variables

What do these equations represent?

X = r cos (t)
y = rsin (t)
z=h

& f(x,y)=0 y=f(x)
SI10,2029 e T Z
Parametric Representation
Parametric equations completely separate the role of dependent and
independent variables
What do these equations represent?
X = r cos (t)
y = rsin (t)
z=h
r=5;t=m; h=20;
4
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Parametric Representation
Parametric equations completely separate the role of dependent and
independent variables
What do these equations represent?
X = r cos (t)
y = rsin (t)
z=h
r=5;0<t<2r;0<h<20;
4
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Parametric Representation

surfaces

Explicit form
y=p3+ g +rx+s

Parametric form
x=au’+bu?+cu+d

y=euw?+ful+gu+h

# Offers more degree of freedom for controlling the shape of curves and

Parametric Representation

# Transformations are easier to apply

er 16,2024 Dr. Prashant K. Jain (IITDM) 13|
Parametric Representation
# Advantage in representation of curve and surface segments

Circle Circular arc

X = rcos (t) X = rcos (t)

y =rsin (t) y =rsin (t)

r=50<t<2rm; r=50<tsm
4
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Circle with center (0,0) and Circle with center (4,3)
radius 7 units and radius 7 units
x =7 cos (t) X =4+ 7 cos (t)
y = 7 sin (t) y=3+7sin(t)
X2 +y2-49 =0 X2 +y2—8x—-6y-24=0
4
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Parametric Representation
# Advantage in handling infinite slope
Implicit/Explicit dy/dx = co
. _ dy/du _
Parametric = djdu - ©
implies dx/du = 0
4
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Parametric Representation
# Advantage in calculation of points for display and tool path
x2+y2-49=10 )
(Implicit) / :
X = 7 cos (t) / /'_\
y =7 sin (t) i
(Parametric) K
How to approximate circle with lines
'I
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Computer Aided Geometric Design Parametric Representation of Free-form Curves

;
arametric cubic curve
Interpolation Curves

. # Parametric Cubic Curve
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Approximation Curves
# Bezier Curve

# B-Spline Curve

# NURBS Curve
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Parametric Cubic Curve Algebraic and Geometric Form

? Itis also known as Hermite Curve . ® Parametric cubic (PC) curve segment

? Itis an Interpolation Curve X(U) = Agetl® + A5, + Ayt + agy (1)
#® It has three different forms V() = Gyt + azyu? + ayyu+ agy 12 unknowns

. , J . 2

m  Algebraic Form (12 algebraic coefficients) @

z(u) = az,u® + ay,u® + aju+ ag, 3)

= Geometric Form (End points & tangent vectors
( P g ) #® 12 constant coefficients called algebraic coefficients

= Four - Point Form (Four points) @ Two same curves of same shape have different algebraic coefficients
if they occupy different position in space.
# In vector notation
P(u) = azu® + ayu® + ayu + a, - @

P(u) is position vector

4 4
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Algebraic and Geometric Form Algebraic and Geometric Form
A’Igebraic coefficients are not convenient for controlling @ For geometric form, using two end points P(0) and P(1) and
hape of curve and in intuitive sense of curve corresponding tangent vectors P’(0) and P’(1) we obtain four

equations from Eq. (4). .

(Substitute u=0&u =1)
Geometric Form
p(0) =ay

starting-point P =ap+a +az+as

(X0, Yor Zo) PO =a ©)
end point () =ao+a; +a; +as

(X1, Y1, Z4)

- B Ivi

starting tangent vector @ (B soine a, =p(0)

(X0 Y0 Z') ) a =p'(0)
end tangent vector - dx Si

RS Xog= — a; = —3p(0) +3p(1) — 2p'(0) —p'(1)
(X4, ¥y, 2'%) du u=0 *
& a5 = 2p(0) - 2p(1) + p'(0) + p'(1)
16,2024 Dr:_Prashant K. Jain (IIITDM)) 25|
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Then eq. (4) can be written as

Further equation can be simplified as

az = =3p(0) + 3p(1) = 2p’(0) = p'())

where
Fo=2u08 3w+ 1

Fy = —2u® + 3u?
F=u’-2u+u Lo

—w_a
Fy=ud—u |

p@) = 2u® = 3u? + DP(0) + (—2u? + 3u)P(1) + (u® — 2u® + wP'(0) + (u® — u?)P'(1)

ot Hermite Bleml.ing//

()

) Functions /Fz(u)

o), Py, P’gand P, are called geometric coefficients.

erms are called blending functions also called hermite basis functions.

er 16,2024 Dr. Prashant K. Jain ‘IIITDMIZ m
P@)=[U]4] ———— (6)
PW) =UM;B  ——_ (7)
From equation 6 and 7
A=MgB
and
B=M"'4
where
Myt
0 0 0 1
111
0010
3210
" This gives conversion between algebraic and geometric forms.
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PARAMETRIC CUBIC CURVE
Tangent Vectors
(X0 ¥'0: Z'0)
(X4, ¥4, Z'4)
can be written as
(Koo, koMo, koho)
(kqly, kymy, kqny)
(I, Mg, No) & (I4, My, n,) are direction cosines of
tangent vector at start & end points
4
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Algebraic equation can be written In matrix form
P@=[d u? u 1l @ @ a]”
P =[UIlA] ————————— (6)
Similarly for geometric form
PW=[F F, F3 FRl[Py Py Py P17
)
Then

F=[u*-3u?+1) (-2u®+3u?) @ -2u?+u) W -u?)]

Leads to
2 =2 1 1
-3 3 -2 -1
=3 u?
F=hd w* w1l & o 4 o
1 0 0 0
= UM;
e F=UMp
' PW)=UM;B —m0m8M—————————— (7)
er 16,2024 Dr. Prashant. K. Jain (IIITDMJ) 2
angent Vector
l Thg magnitude or length of the tangent vector depends on
: parameterization and affects the interior shape of the curve.
£ Specifying coordinates and slopes at end points of a cubic hermite
‘ curve accounts for only 10 of the 12 dof
#® Six are from x, Yy, Z;and x; 'y, z;. Four more from direction
cosines, two from each end. This means there are two more degrees
of freedom to control the shape of a curve.
# We can express the matrix of geometric coefficients as
B=[Py Py Koty Kyty]
u=1
)
4 u=0
September 16, 2024 Dr. Prashant K. Jain (IIITOMJ) 29|
PARAMETRIC CUBIC CURVE
Tangent Vectors
(Kolo, koMo, Kono)
(kylq, kymy, kyny)
Effect of Increasing
ko & kqyon
Curve Shape
4
10,2024 L e L A 31
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PARAMETRIC CUBIC CURVE

Tangent Vectors

(Kolo, koMo, Kono)
(Kqly, kymy, kqny)

Effect of Increasing
ko & kyon
Curve Shape
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PARAMETRIC CUBIC CURVE

Tangent Vectors

(Kolo, koMo, Kono)
(Kqly, kymy, kqny)

Effect of Increasing

ko & kyon
Curve Shape
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PARAMETRIC CUBIC CURVE

Tangent Vectors

(Kolo, koMo, koNo)
(kqly, kymy, kqny)

Effect of Increasing
k, relative to k,on
Curve Shape

16,2024 Dr:_Prashant K. Jain (IIITDM))
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PARAMETRIC CUBIC CURVE

Tangent Vectors

(Kolo, koMo, kgno)
(Kql, kqmy, kyng)

Effect of Increasing
ko & kqon
Curve Shape

er 16,2024
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PARAMETRIC CUBIC CURVE

Tangent Vectors

(Kolo, koMo, kgno)
(Kqly, kymy, kqnq)

Effect of Increasing
ks relative to kyon
Curve Shape

4
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Four point form

Four point in space
[P1 P, Py PA]

Uy <u,<us<u,

[Py P P! P/I=KIPy

Uy

o

multiplies with coordinate matrix of four points thus
[B]=K[P1 P, P3 P4]T

Py Py BT

Now find a matrix of constants which produces B matrix when pre

[Pr P, P3 PT=[Uy Uy Us Uy]"MB From (7)
where

@ Up=[u® w? u 1]
16,2024 Dr:_Prashant K. Jain (IIITDM))
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W v, Us U I IAENEENEN
ud ul u 1 ILweI:hozeKiqui:ly distributed u values that u;=0, u,=1/3, u;=2/3, u,=1
| w1 _ then Kand| AL e
—|,3 2 -1
u3 us uz 1 1
3 2 3 00 0 1 1/ 1/ 1/ 1
up uj uy 1 _fr 111 2793
00 1 ofl8 1
For 3210 /27 /3 L
B=MT'[Uy Uy Us UJ"'[PL P, Py Py"
1 0 0 0
Hence . . 0 0 0 1
K=M™1U, U, U; U] = _11/2 9 —9/2 1
Now -1 9/2 -9 11/2
B=K[P P, Py P
1 0 0 0
Conversely K= 20/27 7/27 4/27 ‘2/27
P, P, P RIT=KB a1 g Hag
° 0] 0 1 0 0
U4 & =UM
er 16,2024 Dr. Prashant K. Jain (IIITDMJ) 28] er 16,2024 Dr. Prashant K. Jain (IITTDM)) 39
We can also have Questlon 6
| wop P # A cubic Hermite curve defined in four point form by A1[4 5 4], A2[6 7
et S oo 4], A3[8 7 4] and A4([7 5 4] at ul=0, u2=1/4, u3=3/4, ud=1 find its
Since p = UMB and B=kP \ geometric coefficients and a point at u=1/2.
hence p=UMKP
Let MK =N 4 5 4
Hence p = UNP -9 27 -27 9 [P P, P, P ]7' _|6 7 4
e Y T %% S A L A
—45 -9
- 9 /2 18 /2 7 5 4
-1/, 9 =9 1
1 0 0 0 1 3
Algebraic coefficients are found from A = NP u; =0,u; = Z‘uz Zruz =1
p=(-4.5u*+9u?-55u+1)P,
+(13.5u3 - 22.5u% + 9u) P,
+(-13.5u3 + 18u2 - 4.5u) P,
& +4.5u3 - 4.5u2 + u) P,
September 16, 2024 Dr. Prashant K. Jain ‘IIITDMH 40 16-Sep-24 Dr. Prashant. K. Jain_ ‘IIHDM] 4
P4
Four point form P, Ps A,
Pl
Four point in space Uy j
[Py P, Py Pj] w? w? w1
3 2
U < U< Uy < U, o U, U Us U] = Zzz Zzz ZZ 1
Now find a matrix of constants which produces B matrix when pre 33 32 3
U® Ut uy 1

multiplies with coordinate matrix of four points thus

For
[Bl=M1[Uy Uy Us UJ" '[P, P, P3 Py"
[Bl=K[P1 P, Py PJT
[Po P P; P{]=K[PL P, P3 P Hence K=M71U Uy Ug Ug"?
where I
[P, P, Py PT=[U Uy Us Ug"MB From (7 Now B=KiPr P P3P
Uy = [u13 u? u 1] Conversely [P, P, Py PT=M"1B
4 Pa
eptember 16,2024 L4 Prashant K Jain (JLTRM]) 43 eptember 16,2024 L% Pashant K _Jain (IITRM]) 44]
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If we chose equally distributed u values that u,=0, u,=1/4, u;=3/4, u,=1 { 7
then K and K will be ) point at u=1/2
0o 0 o 17"
000 1jf1 1 1 P=[U U, Us U,J"MB
=11
g1 |11 1 1)||64 16 4
K=M7U"=1y 0 1 oflz7 9 3 | P = [up® uo? uy 1JMB
3 2 1 0lle4 16 4
1 1 11 2 -2 1 1 4 5 4
-3 3 =2 -1 7 5 4
1 0 0 0 P =[0.5% 052051
0 0 0 1 [0-5% 0.570.51] 0 0 1 0]]|833 10.66 0
K= 633 8 -266 1 1 0 0 o01/l-766 -10.67 O
-1 266 -8 1
Pos =175 7.667 4]
1 0 0 0|4 5 4 4 5 4
B= 0 0 0 116 7 4(_| 7 5 4
~ -633 8 266 1|8 7 4 833 10.66 0 ~
' -1 266 -8 1117 5 4 -7.66 —10.67 0 '
eptember 16,2024 2L Prashant K Jain JITDMI) 451 16-Sepn-24 Dr. Prashant. I(.]ain‘IIﬂDM] 461

Computer Aided Geometric Design
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Re-Parameterization Re-Parameterization
@ Change in parametric interval so that neither the shape nor position Po %
of the curve change g P1 q1 %,
=
v =flu) Po’ 90’ %
’ i
for changing the direction of curve P1 q1 o, v
I Py u
v=-u where vis new parameter
B matrix of geometric coefficients o If H
9o 91
do =Py q;
., P1 v 5 P
P, i 91=Po Py o
Bi=[po P1 Po’ P;T" ag =-py’
By=[go a; a0 a;1" a a =-pg
1 Then two curves are identical except that they have
p Po opposite directions of parameterization
[
'l & Then B, =[P, Py -P, -Py]
16, 2024 Dr_ Prashant K. Jain (LIITOMJ) 49] 16, 2024 D Prashant K. Jain (IITDMS) 50)
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ge-Parameterization

For a more general case curve is initially parameterized from u; to y;
and want to change parametric variable ranges fromv; to v;.

! LetB;=[p; p; P/ p/I" andB,=[q; g a’ q/I"

|
# The end points are invariant or insensitive to any change of
‘ parameterization, so g; = p; and g; = p; to maintain constant position.
# Tangent vectors are sensitive to the functional relationship between
‘ uandy, i.e. v =f(u), a linear relationship is required to preserve cubic
form.

Thus v=au+b then dv=adu

alsov;=au; +b and v; = au; + b from this a and b can be found

and relationship between tangent vectors

q'—u‘_u‘p
v

4

Re-Parameterization
Now complete relationship between two sets of geometric coefficients

9 =pi
a =pj
w —
W T,
q = ‘_U_Pi
j ~ Vi
q_rzu/'_“ip_,
L

» This also shows that tangent vector magnitudes must change to
accommodate a change in the range of the parametric variable.

» Magnitudes are simply scaled by the ratio of the ranges of parametric
variable.

This preserves the direction of tangent vectors and shape of the

'. curve.

er 16,2024 Dr: Prashant K. Jain (IITDMJ)

@ To subdivide a pc curve into n successive segments of arbitrary length
and generate n new pc curves, then geometric coefficient or B matrix
of it segment are

Bi=[pi-1 pi (w—w-1p'icn (W —w-1)p'i]

? If a curve is divided into n equal segments, then

1 ’ 1 ’
Bi=[p(i—1)/n Pif, P, Zpi/n]

4

September 16, 2024
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# Further, the tangent at each end of the new curve must match the

; tangent of adjoining curve.
? Magnitude may be different.

#® Thus B

PO = ety

nd , [X0)
P'(1)= bm

Then B, = P’ R0
=P RO R o

Where a and b are positive scale factor

@ Expression for any PC curve smoothly and continuously blended with

SI10,2029 e T 21
Truncating, Extending and Subdividing
# Find new B matrix for a truncated or extended pc curve
uv=1
# curve truncated at u; and u; from segment u, to u; and from u; to u;. we can
represent remaining curve segment as a full pc curve from v, to v,.
® Compute p; and p; using p = UMB and p;" and p;’ using p’ = UM’B.
# Ratio of parametric interval length (u; — u;)/(v; - v;) reduces to u; — u;, since
vj=v;=1. Then
9o =pi @ =p
= a0’ = (4 —w)pi’ a' = (w —w)p;’
September 16, 2024 Dr: Prashant K. Jain (IIITOMJ) 53
Composite Curves
@ When two or more curves segments are joined together, they form a
continuous composite curve
P/(1) PyL)
P'(0)
P3(1)
Pl(o)
Py'(0)
@ Blending a new curve between two existing curve
@ Let B, =[P,(0) Py(1) Py(0) Py(1)]
@ and By = [P5(0) P5(1) P5'(0) PY(1)]
# End point must coincide
o that P,(0) = P,(1) and P,(1) = P4(0)
10,2024 e e B 20!
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preceding and succeeding curves:
Pia'(D)
1Py (DI

Piv1'(0)

" B; = [Pi_1(1) Piy1(0) a P O]

16,2024 Dr:_Prashant K. Jain (IIITDM))
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Continuity Conditions

./—\-

# (0 continuity
= No gaps

/V_\ P,(1)

September 16, 2024

4 (! continuity between two curves required a common tangent line at
their joining point.
Py'(1) = p,'(0)

# (2 continuity also requires that two curves posses equal curvature at

P o) P=P0)
SI10,2029 e T 2
Que. 1: Given a cubic hermite curve whose geometric coefficients are

B=[P, P P P
truncate the curve at u = 0.2 and u = 0.7 and reparameterize the
remaining segment so that v e [0 1]. Find the relationship between
the geometric coefficients of truncated curve and those of original.
Que. 2: Given a cubic hermite curve whose geometric coefficients are
B

11—

_14 2 4

110

111
sub divide this curve into three segments with joints at u = 1/3 and
o || u = 2/3. Reparameterize each segment over a unit interval and

' compute the three sets of geometric coefficients.

September 16, 2024 Dr: Prashant K. Jain (IIITOMJ) 59)
Thus v = au + b then dv = a.du
alsov; = au; + b and v; = au; + b from this a and b can be found
and relationship between tangent vectors
Ui — U 0.7-0.2
’ J i ’ ’ ’
=|—|*P, =—|* P,
% (Vj—Vi ) ’ o ( e i
U —u; 0.7-0.2
’ j i I ' ’
=(Z——|xP =— | P
UG (Uj_vi ) 1 41 ( 120 1
Now q(];) =VMB,
qw) =[v® v? v 1]MB,
’ ’
Bi=[q @ q' ail
L]

4 B, =[P(0.2) P(0.7) 05P, 0.5P;]

10,2024 e e B 61
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their joint.
pi(1) = pi,4(0)
pi(1) =Ky piy(0)
& p"(1) =K, piy”(0)
SI10,2029 Lt T 281
Que.: Given a cubic hermite curve whose geometric coefficients are
——  B=[& R B R]
truncate the curve at u = 0.2 and u = 0.7 and reparameterize the
remaining segment so that v € [0 1]. Find the relationship between
the geometric coefficients of truncated curve and those of original.
P =UMB
B=[Py P P Pl
P(u) = [u3 uz u I]MB
qo =P(0.2) =[0.23 022 02 1]MB
q: =P(07)=[0.73 072 07 1IMB
Tangent vectors are sensitive to the functional relationship between u
and v, i.e. v = f(u), a linear relationship is required to preserve cubic
', rm.
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Que.: Given a cubic hermite curve whose geometric coefficients are
i T O |
2 4
B=
1.0
IECH o |
sub divide this curve into three segments with joints at u = 1/3 and
u = 2/3. Reparameterize each segment over a unit interval and
compute the three sets of geometric coefficients.
4
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4

# To subdivide a pc curve into n successive segments of arbitrary

length and generate n new pc curves, then geometric coefficient or B
matrix of ith segment are

B=[p P (w-u )y (w-u)p]
if a curve is divided into n equal segments, then
ik P
/ .”u% FK nf“.z% "PZ
P =UMB

-3 3 -2 —1f|h
= 3 2 ’
Pw="[u? u? u 1l o o 1 ollp,
1 0 o0 ollp’
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PO
Py
P = [2u3 —3u? +1 —2u+3u? ud—2u?+u ud—u?l X
Pl
Py
1 P1
P'w) =lou? —6u —6u+6u 3u’—4u+1 3u’—2ul|p,
P,
0 0 0o o0][h
6 —6 3 3|~
o — 5
Pw=1[0 u?* u 1] —6 —6 -4 —2||p
P o o 1 ollp’
o1 16,2024 D rashant K Jain (D)) 7|
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