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Parametric Representation of Free-form Curves 4

Interpolation Curves

# Parametric Cubic Curve

Approximation Curves
@ Bezier Curve

@ B-Spline Curve

#® NURBS Curve
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B-Spline Curve | I

# Curve is defined by n+1 control points and the order ( k ) of the curve.

% The curve has an advantage that it has local propagation unlike global
propagation properties of Bezier curve. i.e. Non global —each vertex B; is
associated with unique basis.

# Each vertex affects the shape only over a range of parameter value where
its associated basis function is nonzero.

# B spline basis also allows the order of basis function and hence the degree
of resulting curve can be changed without changing the number of
vertices.

# The curve is made up of (n-k+2) segments.

# Only k control points affect any segment of the curve.
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B-Spline Curve E_j

B spline curve is given by
n+l

PO=Y BN, 0

i=
B~ Position vector of n+1 defining vertices

tmm <t$tmdx
2<k<n+l1

N; - Normalized B-Spline basis function

For ith normalized B-Spline basis function of order k (degree k-1) the
basis function N; (t) defined as: (cox de-boor formula)

L ’fx,S’SxM

0, otherwise

N,‘,(t):{

and

(¢ _x,)N;,k—l(t) 4 (xH;. -1 )N,+|,k—l(t)

N..0O=
KXivk-1~ Xi Xisk ™ Xin

X; are elements of knot vector where x, < x

i+l

The function p(t) is polynomial of degree k-1 on each interval
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B-Spline Curve A
@ =X)Nir® | Xos =) Nisr®
Xivk1~ Xi Xiwk ™ Xin

Input to B-Spline Curve

15t point, pg = (Xo, Yor Zo)

N, (0=

4 boi =
2" point, p; = (x4, v, 24) Equation for B-Spline curve of four defining

| vertices and order k=3 will be:

n' point, p, = (X, Yr Z,) p(t) = Ny3B; + Ny3By + N33Bs + Ny3B,

Order of curve =k

The basis function dependencies for N, ; are as:
Knot vector
N1,3 N2,3 N3,3 N4,3

Nl\N N
[N

3,2 N4,Z NS,Z
1,1 Nz,l N3,1 NA,1 Ns,i N6,1
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B-Spline Curve 4

#® Each basis function is positive or zero for all parameter values, i.e., Nik >0

#® The sum of the B-spline basis functions for any parameter value t is one,

i.e, nt1
z Nige() =1
i=1
#® Except for k=1, each basis has precisely one maximum.
# B-spline curve of order k (degree k-1) is c“2 continuous everywhere.
# The maximum order of B-spline curve is equal to the number of defining
polygon vertices.
# B-spline curve exhibits the variation diminishing property.
# B-spline curve generally follows the shape of the defining polygon.

® Pp(t) and its derivatives of order 1,2,------- k-2, are all contains over the
entire curve.
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B-Spline Curve U4 Linear Segment in B-Spline Curve 4

@ B-spline curve lies within the union of convex hulls formed by k
successive defining polygon vertices.

# Convex hull property of B-spline curves is stronger than Bezier Curves.

}o— Colinear curve \Egmfi/_/f/‘(\k .

/= e Colinear polygon vertices ‘l

——— Colinear polygon vertices-

‘olinear curve segment
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B-Spline Curve A B-Spline Curve: Knot Vectors A

Il
A\

If at least k-1 coincident defining polygon vertices occuri.e ., Fundamentally three types of knot vector are used:
- Uniform, Open uniform, Non-uniform

In a uniform knot vector, knot values are uniformly / evenly spaced
[0 1 2 3 4]
[-02 -01 0 0.1 0.2]

In practice uniform knot vectors begin at zero are incremented by 1 to some
maximum value or normalized in the range betweenOto 1. i.e.,

[0 0.25 0.5 0.75 1.0]
For a given order k uniform knot vector yield periodic uniform basis
function for which 10

[x0 1 2 3 4 56]n+1=4, k=31

N;J((t) = N,A,A(t = N,+Lk(t_1) [ - - -

Each basis function is a translate of the other o\ — —f= r
October 8, 2024 L0 Prashant K Jain (UITRM]) 1l jOctober 8, 2024 L% Prashant K Jain (IITDMI) 12
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B-Spline Curve: Knot Vectors A B-Spline Curve: Knot Vectors Ej

An open uniform knot vector has multiplicity of knot values at the ends The resulting open uniform basis function yields a curve that behave

equal to the order K of B-Spline function. _ nearly like Bezier curves.
Internal knot values are evenly spaced, e.g. "' When number of defining polygon vertices are equal to the order of the
k=2 [0012344] X=[0 0 0 1 2 22]n+1=4,k=3 B-Spline basis and a open uniform knot vector is used the B-Spline basis
k=3 [00012333] ‘ is reduces to the Bernstein basis, hence the resulting B spline curve is a
k=4 [000012222] Bezier curve.

In that case knot vector [0 00 0 1 1 1 1] with four polygon vertices
results in a cubic Bezier Curve. ,l 5

or for normalized increments
k=2 [00% % % 11]
k=3 [000 %%111]
k=4 [0000% 1111]

Formally an open uniform knot vector is given by s
x=0 1<isk
X = i-k k+l1<i<n+l
X = n-k+2 n+2 <i<n+k+l
oy " T
Qctober 8, 2024 L Prashant K. Jain (HITDM]) 13 October 8, 2024 L Prashant K. Jain (ITTDMI) 14
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B-Spline Curve: Knot Vectors

Non uniform knot vectors may have either unequally spaced and/or
multiple internal knot values, they may be periodic or open. e. g.
[00011222]
[012234]
[00.280.50.721]

Basis function for n+1=5, k=3

2 3 o T

[x]=[00012333] [x] [0000A42:s333]

o © o - . ot . :
v i p E i 2 g 0 i 2 3
[X1=[000 1.82.2333] X1=[00011333] [X1=[00022333]
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Calculating Periodic Basis Function 7
l,ifx, <1< X
Ny (010 = .
0, otherwise
Now knot vector range needed:
N.(©O= ¢ =x) N ® i Xk~ Niaua @
Kivka ™ Xi Xiek ™~ Xin
Equation shows that calculation of Ng, requires knot values Xs and X,,
while calculation of N, ; requires x; and x,. Thus knot values form 0 to n+k
are required.
Number of knot values is thus n+k+1. Hence the knot vector:
[xI=lo 1 2 3 4 5 6l
Where x,=0, x,=1 - - - - -x,=6 and Parameter and range is 0 <t < 6.
lOctober 8, 2024 Lx Prashant K Jain (IITRM) 17
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Calculating Periodic Basis Function 7
2<t<3
Nap()=1, Nyp(t)=0, i#3
Nap(t) =(B—1), Nap(t) =(t—2), Njp()=0, i#23
B-1? t-1DB-t)  “@-0-2)
N13(®)==—5—: Nz3®= 3 + 2 ;
-2 )
N33t =" Ni3g®=0 i#123
3<t<4
Nya()=1, Nijg(=0, i%4
Nap(D) = (4—1), Nap()=(t=3), Nip()=0, i=34
“4-1? (t—-2)4-t) G-E-3)
N23() =————; N33()= 3 + 3 ;
(t-37° )
Ny 3(t) = > Nj3(®) =0, i#234
October 8 2024 L0 Prashant K. Jain (IIITDMI) 19
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Calculating Periodic Basis Function

" Calculate four third order (k=3) basis function

N3 (6),i=1,234

Here n+1, the number of basis function is 4, and curve is

p(t) = N13By + Np3B; + N3 3B3 + Ny3B,y

The basis function dependencies for N, ; are as:

N1,2 Nz,z Na,z NA,Z Ns,z

NI

Ny Nas1 N3, Ny Ns 1 N1

Octoberg, 2024 L6 Prashant K. Jain (IITDM])
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Calculating Periodic Basis Function

The basis function for various parameter ranges are:
o<st<1
Ny =1 Njp()=0, i#1
Nia(®) =t Nip(®)=0, i#1

2
Ny,3() = 5 Ni,S(t) =0, i#1
1<t<2

Npa(®)=1, Nip(t)=0, i#2

t 3t
Ni3®=5@2-0t + (T) (t-1),

(t=-1)? .
Np3(t) =—=—, Nig()=0, i#1,23

Ni(D=@-1), Nyp®=(t—1) Nip(®)=0,

\

i#12

jOciober 8. 2024 D4 Prashant K_lain (UITDM))
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Calculating Periodic Basis Function

4<t<5

Ns.(t) =1, Ni,l(t) =0, i#5

Nyp(®) =(5—t), Nsa()) =(t—4), Nj(©)=0,
5-6°
N33O =———;

Ny3(© = (t= 3)2(5 -0, =008

2
Ni'3(t) =0; i#34

55t<6
N (t) =1, Ni,l(t) =0, i#1
N1,2 @®) =t Ni,2 ®=0 i=#1

t? )
N1'3(t) = 2 Ni,3(t) =0, i#1

i#4,5;

Octoberg, 2024 Lx Prashant K. Jain (IITDM])
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Periodic Basis Functions ii'i
= 7
i Nll
(s
1 N,
Nia(t) =1, h
(3 0<t<1 OL [—1 ) J‘ ) (: ,
Naa(®) =1, 1<t<2 IL [——|Nx
Nz () =1, 2<t<3 ‘e e

! Niy
Nys(£) =1, 3<t<4 d i
0 - 5t

Nsq () =1, 4<t<5

‘( Ny,
Na®=1  5<t<6 %o A—DﬁH'
‘[ Moy
SRR i
(a)
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Periodic Basis Functions 7
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0 6
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2 4
mpo=5e-0+(7)en 1<z '[ M
R e e S
(3B -1t) Ny
Nig®="—"—" 2<t<3 n£ﬁ+ﬁ ZAAER
2 6
L N
A 2 e
(c)
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Calculating Open Uniform Basis Function |l|

Calculate four (n=3) third order basis function (k=3) basis function N; ;
i=1,2,3,4. with an open knot vector.

Open knot vector with integer intervals between internal knot values is

x;=0 1<isk
X = i-k k+l1=1<i <n+l
X = n-k+2 n+2 <i<n+k+l

Parameter range is 0 <t < n-k+2, i.e., zero to maximum knot value
and number of knot values n+k+1

Therefore the knot vector is:

[x]=[0001222]

Where x,=0 , x,=0 - - - - -x,=2 and Parameter and range is 0 <t < 2.

October8, 2024 L2 Prashant K. Jain (IITDMD) 25
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Periodic Basis Functions 4
1 Nl.l
OZA“L,_L, B i
= 0 2 4 6
M20=f 0<t<1 ,
NZ.Z
Ni2(®=@-0), 1<t<2 . ‘
0 2 4 6
d N] 2
N2a(®) = (=1 1<t<2 OL L L PR
0 2 4 6
Nao(t) = (3-10), 2<t<3
! Nd,Z
% 2 4 6 3
IL NS «
o
(b)
Octoberg, 2024 L6 Prashant K. Jain (IITDM]) 22)
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Periodic Basis Functions 4
s AR
! N R I Ul i
0 2 3 3 22 05 L g
(IO i MLV %
T —_ '[ Mz oy "/‘54\’*‘ e
,[ D 5= i .L .
) S —) B 1 Nea og—* i bt
lo 2 [ 6 0!:; ; A_%, ‘
Nsy & N
Lo T e
4 6 al— ;
1 2 4 6 ()
[ Mo e
B B
(a)
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Calculating Open Uniform Basis Function A
The basis function for various parameter ranges are:
0st<1
Ny 4(t) =1 N; ,(t)=0 i#3
Nao(t) =1t Ng,(t)=t N; ,(t)=0 i#2,3
Ny(t) = (1) N, 3(t) = t(1-t)+(2-t)t/2
N3s(t)=t2/2 Nj5(t)=0 i#1,2,3
1<t<2
Ngq(t) =1 N;1(t) =0 iz4
Ny ,(t) = (2-t) Ny, (t) =(t-1) N;,(t)=0 i#3,4
N, 5(t) = (2-t)%/2 N3 3(t) = t(2-t)/2+(2-t)(t-1)
N, 5(t) = (t-1)2 N;s(t) =0 i#2,3,4
Octoberg, 2024 Lx Prashant K. Jain (IITDM]) 26l
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T _ Uniform Basis Functions Ej
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S—
'.
G =XIN.o® X~ Ny ©
N.(0= Si—— ' N
KXivk-1~ Xi Xivk ™ Xint
0&x <\
) f @ 20 L#3
Na ’Q\k ! Myt ~
N, 1~t) M, 60 s
L oMo i (/’—QL/ ==
o6-0 -0
| &
: oom, [ @DW o
Ma — 5 =
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Calculating Open Uniform Basis Function ll |
Calculate five (n=4) third order basis function (k=3) basis function N;
i=1,2,3,4,5. with an open knot vector.
Open knot vector with integer intervals between internal knot values is
x=0 1<isk
X = i-k k+l1=1<i <n+l
X = n-k+2 n+2 <i<n+k+l
Parameter range is 0 <t < n-k+2, i.e., zero to maximum knot value
and number of knot values n+k+1
Therefore the knot vector is:
[x]=[00012333]
Where x,=0 , x,=0 - - - - -x;=3 and Parameter and range is 0 <t < 3.
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Calculating Non-uniform Basis Function 7
Calculate the five (n+1 =5 ) third — order (k = 3) basis functions N, (t),
i=1, 2, 3, 4, 5 using the knot vector [X] =[0 00 1 1 3 3 3] which contains
" an interior repeated knot value.
Lif y <t<
N;l(l): Xi A Xin
’ 0, otherwise
and
N, (0= (¢ _xi)Ni,k—l(t) ¢ (Xt )Ni+l,k—l ®
' Xisk1~ Xi Xisk ™ Xin
0<t<1
N1 (=1 N (=0, i#3
Ny, (1) =1-t; Ny, (t)=t; N,(t)=0,i#23
Ny 5 (1) = (1-4)2 5 N, 5 (t) = t(1-t) + (1-t)t = 2t(1-t);
Ny, (t) =t2; N5 (t)=0,i#1,23
Octoberg, 2024 Lx Prashant K. Jain (IITDM]) 32)
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Calculating Non-uniform Basis Function Calculating Non-uniform Basis Function Ej
1st<1 PR s Ny

N, () =0alli H\ n, M 1

N,,(t) =0, alli N

Ny (0)=0, alli (=[00011333] J y \}

Notice specifically that as a consequence of the multiple knot value, N, , (t) = 0 for all t. o 1 2 3

1<t<3
Ng,(t)=1; N, (t)=0, i#5

[x]=[00011333]
Notice that for each value of t the 3 N;, (t) =1.0 . For example, with
. 0<t<1 i
Ny ,(t) = (3-1)/2; Ng,(t) = (t-1)/2; N;,(t)=0,i#4,5 iN @ =(l—t)z+2t(l—t)+ #
2N
N3, (t) = (3-)%/4; = 1-2t4t242t-2t2412 =1

N, 5 (1) = (£-1)(3-1)/4 +(3-1)(t-1) /4 = (3-1)(t-1)/2; Similarly, for 1st<3
" 1
Ny (t) = (t-2)2/4; N, (1) =0,i#3, 4,5

Z N.0=413—1) +2B-0)-1)+ (t-1)1

= W[9-6t+t2-6t+8t-2t2+1-2t+t?] = 4/4 = 1
Qctober 8, 2024
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Flexibility in B-Spline Curves A Effect of varying order on open B-spline curve A
The shape of B-spline curve can be controlled by :
@ Changing type of knot vector and hence basis function
@ Changing order (k) of the basis function
# Using multiple polygon vertices
@ Using multiple knot value in the knot vector
@ Changing number and position of defining polygon vertices
Qctober 8, 2024 Dr Prashant K. Jain (IITDM]) 35, Joctober 8, 2024 L Prashant K. Jain (IITDMT) 36]
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Effect of multiple or coincident vertices A Local control of B-Spline Curves |l|
Multiple vertices at By, k=4 Changing position of defining polygon vertices at Bg
For k=4 ’ % P e
_ 3 multiple vertices
1=[00001111]
[B,B, B3B8, ]
2 multiple vertices B,
2=[000012222] s
[B, B, B, B3 B, ]
3=[0000123333]
[ByB, B, B, B3 By 0 1 1 e
0 2 4 6 8 x
(Qctober 82024 L Prashant K Jain JIITRMI) 37 Qctober 8, 2024 Lr Prashant K Jain (JIITDM]) 381
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Derivatives of B spline curve at any point 4
n+l
P=2 BN, ®
i=1
n+l
'
P0=>B,N",®
i=1
N (t):N,k—l(t)(t XN i@ ) XN 10D~ Noya ®
ik T + —
: Xivka~ Xi Xiek ™ Xint
4 A
N =0
for all't and for k=2
’
e Nu®  NLO
N i2 o _ i
Xivk-1— Xi X ™ Xin
Qctober 8, 2024 L Prashant K. Jain (IITDM]) 40
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Numericals: Calculating an open B-Spline Curve 7
Given B, [11], B, [2,3], B4[4,3] and B,[3,1] the vertices of a polygon.
Calculate both second and fourth — order B — Spline curves.
For k=2 the open knot vectoris [001233]
Wherex; =0,%,=0, ... , % =3. The parameter range is 0< t <3.
The curve is composed of three linear (k-1 =1) segments.
For 0< t <3 the basis functions are :
0st<1
Ny, (t)=1; N, (t)=0, i#2
Nyo(t) =1t N,y (1) =t; Ni,(t)=0,i%1,2
1<t<2
Ny, (t)=1; N, (t)=0, i#2
N,,(t) = 265 Ny, (t) =(t-1); N,(t)=0,i%23
2<t<3
N, (t)=1; N, (t)=0, i#4
Ny,(t) = (3-1); Ny, (t) =(t-2); Ni,(t)=0,i#3,4
October 8, 2024 L Prashant K Jain (ITRM)) 42
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Numericals: Calculating an open B-Spline Curve

For k=4 the order of the curve is equal to the number of defining
polygon vertices.

Thus the B-spline curve reduces to a Bezier curve. The knot vector
with t, ., =n-k+2=3-4+2=1is[00001111].
The basis functions are:

0<t<1
Noi(t)=1; N, (t)=0, i#4
N, (1) = (1) N, (8) =t; N,(t)=0,i%3,4
N,(t) = (1425 Ny, (1) = 2¢(11);
Nos(t) =t N5 () =0, 122,34

N, (1) = (1-4; N, (1) = t{1-t)2 +2t(1-tP= 3t(1-1)%

Ny, (8) = 202(1-t) +{1-t)2= 3e2(1-t); Ny ()=t

Qctober 8, 2024
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Derivatives of B spline curve at any point A

n+l

P'©=3BN",©

2Ni.k—l (t)+ (1= Xi) N”i,k—l(t) N (XM —t )N”m,m (- 2N,’+1,H (1)
Xivk-1— Xi

NHM ()=

Xivk ™ Xia
N", @©=0 and N' (6)=0 Forallt.

For k=3

N".,0= 2[

meNth
Xick-1— Xi Xk ™ Xin

Qctober 82024
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Numericals: Calculating an open B-Spline Curve 4

A\

Using equation

ntl

ton <t<t_

PO=3BN,O sl
=)

2<k<n+1

The parametric B-Spline curve is

P(t) =B, N, ,(t)}+B, N ,(t)}+B3 N3, (t)+B, N, ,(t)

For each of these intervals the curve is given by

P(t) = (1-t)B, +tB, = B,+(B,—By)t O0st<1
P(t) = (2-t)B, + (t-1)B; = B, +(B;—B,)t 1<t<2
P(t) = (3-t)B; +(t-2)B, = By +(B,—Bs)t 2<t<3

In each case the result is the equation of the parametric straight
line for the polygon span, i.e., the ‘curve’ is the defining polygon.

October 8, 2024
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Numericals: Calculating an open B-Spline Curve 4

Using equation ntl
)= ZB, NLA ® tmaxmin
=

The parametric B-Spline curve is

P(t) =By Ny ,(t)+B, N, 4(t)+B; Ny 5(t)+B, N, ,(t)
P(t) = (1-t)°B, +3t(1-t)?B, +3t2(1-t)B, +tB,
Thus, at t=0 P(0) =B,

Thus, at t=1 P(1)=8B,

In this case B Spline curve reduces to Bezier Curve

L L1y 3, 3 ]
andatt=2  P)=rB,*vB.*yB.*3B.

.
1 1 3 3 1 4 1
and P(E):ﬁ[l 1]+§[2 3]+§[4 3]+§[3 1] |
=[11/4 5/2]
Qctober 8, 2024 Dr Prashant K. Jain (JIITRM]) 461
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