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Example 5-11 Calculating nonuniform basis functions

Calculate the five (n+1 =5 ) third — order (k = 3) basis
functions Ni,3 (t), i=1, 2,3, 4, 5 using the knot vector
[X] = [0 0011 3 3 3] which contains an interior
repeated knot value.

SOLUTION-

O<t<1

N3i(t)=1; Ni1(t)=0, i#3

Noo(t)=1-t; N3a(t)=t; Ni2(t)=0,i#23

N1 (t) = (1-t)*; Nas(t) = t(1-t) + (1-t)t = 2t(1-t);
N33(t) =t%; Nis(t)=0,i%1,2,3

1<t<1

Ni1(t) =0, alli

Ni,(t) =0, all i

Ni3(t) =0, alli

Notice specifically that as a consequence of the
multiple knot value, N4 1 (t) = 0 for all t.

1<t<3



Nsi(t)=1; Nii(t)=0, i#5

Naolt) = (3-4)/2; Nsaft) = (t-1)/2 ; Niaft) =0, i %45
N33 (t) = (3-)%/4;

Nas (t) = (t-1)(3-t)/4 +(3-1)(t-1) /4 = (3-t)(t-1)/2;
Ns3 (t) = (t-1)2/4; Nis (t)=0,i#3,4,5

The results are shown in figure 1.
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Figure.l

Notice that for each value of t the 3 Nix(t) =1.0 . For
example, with

O<t<1 . 2
Z N.©=1=t) +2t(1-t)+ ¢
= 1-2t+t242t-2t2+t2 =1

Similarly, for 1<t< 3

3 N0 =113~1) +23-)(t=1)+ (-1))

= %[9-6t+t2-6t+8t-2t2+1-2t+t?]

= 4/4=1
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Example 5-12 calculating an open B-Spline Curve

Given B1 [1 1], B> [2,3], B3[4,3] and B4[3,1] the vertices
of a Bezier polygon. Calculate both second and fourth —
order B — Spline curves.

For k= 2 the open knot vector is

[001233]



Where x1 =0, x; =0, ...... , X6 =3. The parameter range is
0< t <£3.the curve is composed of three linear (k-1 =1)
segments. For 0< t <3 the basis functions are :

O<t<1

N21(t)=1; Ni1(t)=0, iz2

Nio(t) =1-t; Noa(t) =t; Niot)=0,i#1,2
1<t<?2

N31(t)=1; Ni1(t)=0, i#2

Nao(t) = 2-t; N3a(t) =(t-1); Nia(t)=0,i#2,3
2<t<3

Naq(t)=1; Nia(t)=0, i#4

N3a(t) = (3-t); Nap(t) =(t-2); Nio(t)=0,i#3,4

Using equation { P1’ (0) = -P,’ (t,) } the parametric B-
Spline curve is

P(t) = B; Nl,z(t)+Bz Nz,z(t)+Bg N3,2(t)+B4 N4,2(t)
For each of these intervals the curve is given by

P(t) = (1-t)Bl + tB» = B, + (Bz - Bl)t
O<t<1



P(t) = (z-t)Bz + (t-l)B3 = B, + (Bg — Bz)t
1<t<2
P(t) = (3-t)Bg + (t-2)B4 = Bs + (B4 — B3)t
2<t<3

In each case the result is the equation of the
parametric straight line for the polygon span, i.e., the
‘curve’ is the defining polygon.

The last point on the curve (t = tmax = 3) requires
special consideration .because of the open right — hand
interval in equation

l,i,_lfxi <t < le
Ny @,i= .
0,otherwise

All the basis function Njx at t = 3 are zero .
consequently , the last polygon point does not
technically lie on the B-Spline curve . however ,
pratically it does . consider t = 3-€ .where € is an
infinitesimal value . letting €20 shows that in the limit
the last point on the curve and the last polgon point
are coincident . practically , this result is incorporated
by either artificially adding the last polygon point to
the curve description or by defining N (t = tmax) = 1.0



For k=4 the order of the curve is equal to the number
of defining polygon vertices. Thus the B-spline curve
reduces to a bezier curve . the knot vector with tmnax =
n-k+2 =3-44+2=1is[0000 1 11 1].the basis functions
are

0<t<1

Nai(t)=1; Nis1(t)=0, i#4

N3o(t) = (1-t); Na2(t) =t; Ni2(t)=0,i#3,4
No3(t) = (1-t)%; Nss(t) =2t(1-t);

Nas(t) =t% Nis(t)=0, 1£2,3,4

N14(t) = (1-t)3; Nag4(t) =1t(1-1)2 +2t(1-t)?= 3t(1-1)%;
N34 (t) = 2t2(1-t) +(1-t)t2= 3t2(1-t); Naa(t) = t3;

Using equation { P1’ (0) = -P,’ (t,) } the parametric B-
Spline is

P(t) = B1 Nya(t)+Bs Na4(t)+Bs N3 3(t)+Ba Naa(t)
P(t) = (1-t)3B; +3t(1-t)?B, +3t2(1-t)B; +t3B,
Thus, at t=0

P(0) = B,

And att="7

P(1/2) =(1/8)B1 +(3/8)B, + (3/8) B3 + (1/8) B,



and
P(1/2)=1/8[11]+3/8[23]+3/8[43]+1/8[31]
=[11/4 5/2]

The resulting curve is shown in figure.2.

figure.2.






